INTRODUCTION
Given a positive real number q and an integer m 1, let us denote by 4=4 m the set of all real numbers y having at least one representation of the form y== 0 += 1 q+= 2 q 2 + } } } += n q with some integer n>0 and = i # [&m, &m+1, ..., &1, 0, 1, ..., m&1, m], and set It is clear that the sequence (l m (q)) is non-increasing. Furthermore, we have l m (q)=0 for all m if q<1 and l m (q)=1 for all m if q=1. Turning to the case q>1, we recall from [1] , [5] and [6] that q is a Pisot number if and only if l m (q)>0 for all m. (We recall that Pisot numbers are algebraic integers q>1 all of whose conjugates belong to the open unit disk.) See also [3] , [4] , [7] and their references for other related questions.
Erdo s, Joo and Joo determined the precise value of l 1 (q) for some special Pisot numbers: Theorem 1.1 (See [3] ). Given an integer r 1, let q denote the unique positive real solution of the equation q r =q r&1 +q r&2 + } } } +1.
Then l 1 (q)=1Âq.
The smallest q>1 for which this theorem applies is the Golden number A=(-5+1)Â2r1.618. The purpose of this paper is to determine l m (q) in a number of other cases. We prove two theorems. Theorem 1.2. Let qr1.466 be the fourth Pisot number, i.e., the unique real solution of the equation
Then l 1 (q)=q 2 &2r0.148.
Next we determine l m (A) for all m where A is the Golden number. In order to formulate our result we introduce the Fibonacci sequence (F k ) defined by Early numerical tests led us to conjecture that Theorem 1.3 holds for m 2 under the condition F k m<F k+1 instead of (1.1). Our result shows that this conjecture is false for m=7. Moreover, using Lemma 3.2 below one can readily verify that the smallest counterexample is
we have | y|= |8A&13| r0.056 instead of | y| =|5A&8| r0.090.
The following table specifies the content of Theorem 1.3 up to m=842. For example, the line k=10 tells us that for 47 m 76 we have l m (A)= |55A&89| r0.0081. Proof of Theorem 1.1. Since
where the right-hand side belongs to 4 1 , we have l 1 (q) q &1 .
Assume on the contrary to the theorem that we have strict inequality here. Then there exists a sequence of integers
Choose the sequence (= i ) such that the sequence |= n |, |= n&1 |, ..., |= 0 | is lexicographically minimal (1.4) among all sequences satisfying (1.3). We may assume without loss of generality that = n {0 (because all coefficients cannot vanish by (1.3)) and then that
(multiply the sequence (= i ) by &1 if needed).
Observe that if = i =1 for some i r, then
Indeed, otherwise we could change
contradicting (1.4). Now, writing n=kr+l with 0 l<r, by (1.5) and (1.6) we have
First of all, we have
Assume on the contrary to the theorem that l 1 (q)<q 2 &2, and fix a sequence = n , = n&1 , ..., = 0 of integers &1, 0, 1 such that
Choose (= i ) such that the sequence
among all sequences satisfying (2.1). We may assume without loss of generality that
Indeed, by (2.1) there is at least one nonzero element = i . Let n be the biggest integer such that = n {0 and then multiply the sequence (= i ) by &1 if = n =&1. Let us first show that (2.1) is impossible if n 4. Assume on the contrary that (2.1) holds for some n 4 and write
where both y and z have the form We assume in the sequel that
We shall frequently use the
(a) If = k =1, then at least one of = k&1 and = k&3 is equal to 1. In particular, = k =1 cannot be followed by three consecutive nonpositive terms.
(b) If = k =&1, then at least one of = k&1 and = k&3 is equal to &1. In particular, = k =&1 cannot be followed by three consecutive nonnegative terms.
Proof. By symmetry we only prove (a). If = k =1, = k&1 0 and = k&3 0, then changing
we obtain a contradiction with (2.2). K
We also need some identities and inequalities. 
if i is a multiple of 3, if i is not a multiple of 3, i=0, 1, ...
(For k=&1 the left-hand side is equal to zero by the usual definition of empty sums.)
Proof. (a) To prove the first equality we multiply by q i the defining equation of q. Then (2.5) follows by summing these equalities for i=0, ..., k.
(b) Choose : # [0, 1, 2] such that k&: be a multiple of 3. Then we have
We conclude by observing that
by a simple computation. K
Returning to the proof of the theorem, first we claim that
Indeed, if = n&1 =1, then using (2.5) we obtain
contradicting (2.1). Next, if = n&1 =0, then = n&3 =1 by Lemma 2.1 and therefore
contradicting (2.1) again. Using Lemma 2.1, (2.3) and (2.7) imply that
Next we claim that
For otherwise, using the lemmas we have
contradicting (2.1) Applying Lemma 2.1, (2.8) and (2.9) imply that
Now we are going to study the possible values of = n&4 . If = n&4 =1, then using the lemmas we have
contradicting (2.1). If = n&4 =0 and n 6, then = n&6 =1 by Lemma 2.1 and (2.8). Hence, using the two lemmas, for = n&4 =0 and n 5 we have (the following computation also holds for n=5)
contradicting (2.1) again. Therefore we must have = n&4 =&1. We shall complete our proof by showing that this is also impossible. Indeed, using the lemmas and (2.10) now we have
contradicting (2.1).
3. PROOF OF THEOREM 1.3
The following three identities will be applied frequently:
Lemma 3.1. We have A n =F n A+F n&1 for n=0, 1, ...,
Proof. The first identity is true for n=0, 1 by a simple inspection; the general case then follows by induction.
The second and third identities are also obtained by induction: we have
Fix k 1. We need to determine the solutions to the equations
with n 1 and |= n |, |= n&1 | m. . The solutions are given by the formulas
if n 3.
(b) The problem (3.2), (3.3) has only the trivial solution n=1, = 1 =&F k and = 0 =F k+1 for m F k+1 .
Proof. (a) Since
A is irrational, using Lemma 3.1 (3.1) is equivalent to the system of equations
Solving this system we obtain
Using Lemma 3.1 and the equalities 2F n&1 +F n&2 =F n+1 , 2F n +F n&1 =F n , these formulas take the simpler form (3.4). These solutions satisfy (3.3) if and only if
This condition is equivalent to m F k+1 if n=1, to F k+2 Â2 if n=2, and to
if n 3. The last condition reduces to (3.5) because
and
Indeed, these inequalities follow from the computations
Introducing for brevity the intervals
it remains to prove that
Since I 1 /I 2 , this is equivalent to
For this we show that two consecutive intervals always overlap, that the sequence of left (resp. right) endpoints is strictly decreasing, and that the left endpoints converge to A
k&2
. The limit relation
readily follows from the formula
For the rest we have to establish the inequalities
for n 2, (3.6)
for n 3, (3.7)
for n 3. (3.8)
They are obtained as follows:
(b) Adapting the proof of part (a) we obtain that the solutions of the modified equation (3.2) are given by the formulas
instead of (3.4). They satisfy (3.3) if and only if
For n>1 they imply the impressible condition F n+k 0. For n=1 they are equivalent to m F k+1 . K Part (a) of the preceding lemma implies half of Theorem 1.3:
It remains to prove the
Note that the assertion of this lemma is stronger for k=1 than for k=2. Furthermore, the case k=1 follows from Theorem 1.1 proved in the introduction. Hence we assume in the sequel that k 3.
(3.9)
Assume on the contrary that
for some m A k&1 . Since l m (A) is a nonincreasing function of m, then this inequality also holds if we choose m to be the integer part of A k&1 . Since
then we have
The inequalities (3.11) follow from the computations
It follows from our assumption that the set of numbers z= :
contains one number for which the sequence |= n |, |= n&1 |, ..., |= 0 | is lexicographically minimal. (3.14)
We may assume without loss of generality that = n {0. Moreover, multiplying the sequence (= i ) by &1 if needed, we may assume that
We have the crucial Lemma 3.5. The number z has necessarily the form
with n 3 and &m = n&1 <&= n . (3.17)
We proceed in three steps. Proof. (a) If = i&1 <m and = i&2 <m, then we could change
contradicting (3.14).
The proof of (b) is similar. K Lemma 3.7. We have
Proof. For n=0 z would be a nonzero integer. But this is impossible because |F k+1 &F k A| on the right-hand side of (3.13) is smaller than 1. Hence n 1. If = n&1 =m, then let k be the smallest integer such that
Using Lemma 3.6 we have
contradicting (3.13). If = n&1 <m and = n&1 &= n , then using (3.15) and applying Lemma 3.6 we obtain
which contradicts (3.13). K It follows from the two preceding lemmas that z has the form (3.16) with n 1 and = n&1 <&= n . The proof of Lemma 3.5 will be completed if we prove the Lemma 3.8. We have n 3.
Proof. We already know that n 1. We need a classical result from the theory of continued fractions. We recall from [2] , Chapter 1, that
for all pairs (a, b) of integers satisfying 1 |b| <F k+2 .
We note that in [2] the inequality (3.19) is written in the equivalent form
contradicting (3.13). If = 0 {0, then (using (3.12)) 1 |= 0 | m F k+1 < F k+2 . Using (3.19) we obtain
contradicting (3.13). Now consider the case n=2, i.e.,
Note that = 2 +m>0. If = 2 +m<F k+2 , then applying (3.19) we obtain |z| |F k A&F k+1 | which contradicts (3.13). If = 2 +m F k+2 , then (using (3.12) again)
contradicting (3.13). The last inequality follows from the computation
Using Lemma 3.5 first we prove a weakened version of Lemma 3.4.
Proof. Since l m (A) is a nonincreasing function of m, it suffices to consider the case where m is the integer part of F k+2 Â2. Then we have
Indeed, this is true for k 5 because then
For k=3, 4 (3.20) is satisfied by a direct computation with m=2, 4, respectively. Introduce the number
given by Lemma 3.2 for n=3. Assume on the contrary that l m (A)< |F k+1 &F k A|, and consider the number z defined above. We have
Furthermore, using the formulas Since &m = 3 <0 if n=4, for n 4 these conditions are weaker than the inequalities F k&1 m. The inequality F k&1 m follows from (3.20) because
If n=3, then 0<= 3 m and &m = 2 <0, so that the above conditions are satisfied if
These inequalities follow from (3.20) because Furthermore, z$ belongs to 4 m by (3.12). Finally, since the equalities |m&F k&1 | =m and |F k &m|=m cannot hold simultaneously, z$ is lexicographically smaller than z. This contradicts the definition of z again. K
